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ON POINCARE TYPE INEQUALITIES

ROGER CHEN AND PETER LI

ABSTRACT. Using estimates of the heat kernel we prove a Poincaré inequality
for star-shape domains on a complete manifold. The method also gives a
lower bound for the gap of the first two Neumann eigenvalues of a Schrodinger
operator.

1. INTRODUCTION

Let M™ be an m-dimensional compact Riemannian manifold. In local coordi-

nates (z',22,...,2™), the Riemannian metric is given by

ds® = Z gij dr'da’.

ij=1

One defines the Laplace operator on M

1 & 0 0
A=— (/99" =——
\/g ijZ:1 axl (\/gg 8x‘7 )7

where (¢7) = (gi;) ™" and g = det(g;;), and a Schrodinger operator by

where ¢(x) is a nontrivial C! function defined on M.
In this paper, we consider the Neumann eigenvalue problems on a manifold M
with boundary OM for the Laplace operator

(1) —Au = nuin M,
% = 0 ondM,

and the Schrédinger operator
(2) —Au+qu = Muin M,

0

8—3 = 0 on M.
When OM = (), we also consider a closed eigenvalue problem
(3) —Au+gqu = Auin M.
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It is well known that the sets of eigenvalues {n;} and {\;} are discrete and we
can arrange them in a nondecreasing order,

O=n<m<m<- << =00

and
M <A< << A <o =00,

In 1991, it was proved by Grigor'yan [G], and later independently by Saloff-Coste
[S], that the parabolic Harnack inequality is equivalent to the volume doubling
property and the Poincaré inequality. Therefore, it is interesting to find a lower
bound for 7; in terms of geometrical quantities. It is also natural to find a lower
bound for the gap Ay — A; in terms of the geometrical quantities of M and the
potential function g. Both questions have been studied extensively by a long list
of authors. We will simply refer the reader to Buser [B], Chavel [C], Cheeger [Ch],
Chen [Cnl, Cn2], Li [L1], Li-Treibergs [LT], Li-Yau [LY1, LY2], Singer-Wong-Yau-
Yau [SWYY], Yau [Y] and Zhong-Yang [ZY] for further references. Among all these
results, Buser [B] first proved the Poincaré inequality for star-shaped domains in
a Riemannian manifold by estimating the isoperimetric inequality by a geometric
method. His estimate depends on the dimension, the lower bound of the Ricci
curvature, the inner radius, and the outer radius of the domain. In particular, he
did not assume any bound on the second fundamental form of the boundary. Later,
Kusuoka and Stroock [KS] gave an argument using the heat equation to prove a
weak Poincaré inequality for geodesic balls. The weak Poincaré inequality asserts

that
C inf/ (u—a)2§/ Vul2,
a€R Jp(R) B(2R)

for any function v € Hy 2(B(2R)) and for some constant C' > 0 depending only
on R, the dimension m, and the lower bound of the Ricci curvature on B(2R).
However, a covering argument in [J] asserts that the weak Poincaré inequality
together with the volume doubling property will imply the Poincaré inequality for
geodesic balls.

The first part of this paper is to show that one can use the heat kernel to prove
the Poincaré inequality directly without using the covering argument. Also, this
argument works on star-shaped domains. In particular, it give an analytic proof of
Buser’s theorem.

Theorem 1. Let M be an m-dimensional manifold with boundary OM. Assume
that M is geodesically star-shaped with respect to a point p € M. Suppose that the
Ricci curvature of M is bounded from below by —(m—1)K for some constant K > 0.
Let R be the radius of the largest geodesic ball centered at p contained in M, and Ry
be the radius of the smallest geodesic ball centered at p containing M. Then there
exists a constant Cy > 0 depending only on m, such that the first nonzero Neumann
eigenvalue n1 has a lower bound given by

m

m 2 W exp(—Cl(l +R0\/§))
0

Corollary 1. Let B,(R) be an m-dimensional geodesic ball centered at a point
p € M with radius R > 0 such that B,(R) N OM = (. Suppose that the Ricci
curvature of By (R) is bounded from below by —(m — 1)K for some constant K > 0.
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Then there exists a constant Cy > 0 depending only on m, such that the first nonzero
Neumann eigenvalue n1 has a lower bound given by

1
m > 2 exp(—Ca(1 + R\/K))

As an application, the lower bound on 77 can be used to prove a lower bound
for the first Dirichlet eigenvalue of proper subdomains of B, (R). In particular, let
Q be any proper subdomain in B, (R) such that Q C B,(R). Let 11(9) be the first
Dirichlet eigenvalue satisfying

(4) —Au = mu in €,
u = 0 on 0N).
(5)
By applying Theorem 1.4 of [G], we can estimate u1(2) for any proper subdomain

Q. To state our theorems, it is convenient for us to give a precise definition of the
volume doubling property.

Definition 1. The manifold M is said to satisfy the volume doubling property with
constant C,(R) > 0 if for any point p € M and any positive number r < R, the
ratio of the volumes of geodesic balls satisfies the estimate

V(By(2r))
— v < Cy(R).
V(By(r))
Note that the Bishop volume comparison theorem asserts that the constant
C,(R) can be estimated from above by RVK.

Theorem 2. Let B,(R) be as above. For any proper subdomain Q@ C B,(R), and
for any function v € Hy 2(2) which vanishes on OS2,

/ |Vu|2 > eXp(—Cg(l + R\/E)) V(B;D(R)) “ / u2

Q B R? V() Q

for some constant Cy > 0 depending only on m and some constant a; > 0 depending
only on m, and RVK.

Another advantage of this argument is that we can also estimate Ao — A1 from
below for any Schrodinger operator —A + ¢ defined on a geodesic ball. When
the potential function ¢ is assumed to be convex and if one imposes the Dirichlet
condition on the boundary of a convex domain 2 in R™, Singer-Wong-Yau-Yau
[SWYY] used the fact that the first eigenfunction is logarithmic concave to prove

that the gap is bounded below by %, where d is the diameter of (2. Later, Zhong

and Yang [ZY] improved the estimate to g—j. For the Neumann problem (2), we

employ a method similar to Theorem 1 to get an estimate for the gap I' = Ao — Aq,
of the Neumann problem (2). We also follow Grigor'yan’s [G] argument to obtain
a lower estimate for the gap of the Dirichlet problem in any proper subdomain of
the geodesic ball.

Theorem 3. Let M™ be as in Theorem 1 with m > 3. Let us denote w(q) =
sup g — inf g to be the oscillation of q over M. Then there exists a constant as > 0,
depending only on m, RovVK and w(q) R2 + 1, such that the gap of the first two
Neumann eigenvalues T = Ay — A1 of (2) has a lower bound given by

F 2 W exp(—ag).
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Corollary 2. Let B,(R) be as in Corollary 1 with m > 3. Let us denote w(q) =
supq — infq to be the oscillation of q over Bp(R). Then there exists a constant
as > 0, depending only on m, RVK and w(q) R%2 +1, such that the gap of the first
two Neumann eigenvalues I' = Ag — A1 of (2) on Bp(R) has a lower bound given by

1
r> o exp(—as).
Using an argument similar to that of Theorem 2, we can also get the following
lower bound for the gap of the first two Dirichlet eigenvalues of subdomains.

Theorem 4. Let By(R) be as in Corollary 1 with m > 3. For any proper subdomain
Q C Bp(R), if we let Ay and Mg be the first two eigenvalues of the problem

—Au+qu = Auin Q,
u = 0 on 09,

then we have a lower estimate on the gap

_ exp(—as) [V(B,(R) "
R o

or some constants a, as > 0 depending only on m, RVK and w(q) R? + 1.
[ P g only q

Finally, we study the gap for a closed eigenvalue problem by using a heat kernel
method.

Theorem 5. Let M™, m > 3, be a compact Riemannian manifold without bound-
ary. Suppose that the Ricci curvature is bounded below by —(m — 1)K, for some
constant K > 0. If we let I' = Ao — A1, where A1, A2 are the first two eigenvalues of
the problem (3), then there exists a constant C3 > 0 depending only on m such that
1
r> 7 OXp [— Cg(l +dVK + w(q)])},
where d is the diameter of M.

Remark. This improves the bound of the gap in [Cnl], where the bound on the
gap depends on the lower bound of the sectional curvature, the bound of covariant
derivatives of the curvatures and C? norm of the potential function gq.

In Section 2, we first state two Harnack inequalities proved in [LY2] which will
be used in the proofs of Theorem 1 and Theorem 3. Then we prove a Neumann
Sobolev inequality on geodesic balls and a global Harnack inequality for the first
eigenfunction of the Neumann Schrédinger problem (2). Also, we use a gradient
estimate argument to prove a Harnack inequality for the first eigenfunction of the
closed eigenvalue problem (3). In Section 3, we shall utilize the estimates obtained
in Section 2 to prove our theorems.
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2. HARNACK INEQUALITIES

In this section, we recall two versions of the Harnack inequality for positive
solutions of the heat equations from Li-Yau [LY2]. First we will state the local
Harnack inequality given by Theorem 2.1 of [LY2].

Lemma 1. Let B,(R) C M denote a geodesic ball of radius R centered at p with
B,(R) N OM = (. Assume that the Ricci curvature on By(R) is bounded below by
—(m —1)K. If u(z,t) is a positive solution of the heat equation

0

(6) (A= Zult) =0

on Bp(R) x (0,T], then for any t >0 and x,y € B,(£), we have the inequality
R? t
u(z,2t) > u(y,t) Cy exp ( - 05(7 + Kt+ ﬁ)),
for some constants Cy, Cs5 > 0 depending only on m.

When the manifold is convex, Theorem 2.3 of [LY2] also asserts the following
global Harnack inequality.

Lemma 2. Let M be a compact manifold with Ricci curvature bounded below by
—(m — 1)K, for some constant K > 0. We assume the boundary of M is convex.
Let u(z,t) be a positive solution on M x (0,00) of the equation

0
(A - a)u(m,t) =0,
with Neumann boundary condition
Ju
=0
ov
on OM x [0,00). Then, for any x,y € M, we have

2
u(z, 2t) > u(y,t) Cs exp ( - C7(@ + Kt)),

where r(x,y) is the distance between x and y and Cg, C7 > 0 are constants depend-

ing only on m.

To prove Theorem 3, we need to use a global version of Moser’s iteration scheme
in which a Neumann Sobolev inequality on geodesic balls will be needed. We shall
follow the covering argument used by Jerison in [J]. We first prove the following
local version of the Sobolev inequality.

Lemma 3. Let M be a complete manifold with Ricci curvature bounded from below
by —(m—1)K, for some constant K > 0. Let y € M and R > 0 such that By(2R) C
M. Then, for any function f € Hi2(Bp(2R)), there exist constants Cs, Cy > 0
depending on m such that

m—2

7 CSR/ VfQZmin/ foalmm=) "
(7) ®) [ IV aeR(By(R)| 72)

where Cy(R) = Cs R2V(B,(R)) 7 exp(CoK R?).
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Proof. Let ¢(r) be a cut-off function defined on the interval [0, c0), such that
1 for0<r<1,
(8) o(r) = { 0 for2<r,

and 0 > ¢/(r) = =2. Let fo = V(By(2R))™" [ o) J and p(x) = ¢(“7), where
r(x) is the distance from y to z. The Dirichlet Sobolev inequality for geodesic balls
implies that there exists constants Cg, C11 > 0, and

s(R) = C1o RV (By(R)) ™ exp(Cy1 K R?),

such that

m—2
2m m
min (/ |f—a|mf2)
acR By (R)
m—2
2m =
< (/ |f—fo|m’2)
By (R)

SV o (f = ol 22) T

< s(2R) /B o [0 = O

0
<20R) ([ IV VRS~ o))

Y

2 ([ Pwies [ -n)

< 25(2R) (/By(w) VfP 4+ 16 exp (02(1+2R\/E))/B V§P)

v(2R)
< CL(R) / VP,
B, (2R)

where we have used the result of Corollary 1 in the second last inequality. This
completes the proof of the lemma. O

We shall modify some results of Whitney decomposition from [J]. Since the Ricci
curvature is bounded from below, the inequalities (28), (29) in the next section
imply that the volume doubling property holds on M. For a ball B = B,(r), denote
B’ = By(2r), B” = By(4r) and B* = B, (10r). We shall also denote the radius of
B by p(B).

Lemma 4. (Whitney decomposition) Let M be as in Theorem 1. There is a
pairwise disjoint family of balls F and a constant ag depending only on the volume
doubling property C,(Rp) such that
(a) M =UperB
(b) B € F implies that 10?p(B) < r(B,0M) < 103p(B), where r(B,0M) is the
distance from B to OM.
(¢c) #{B e F:x € M,x € B*} < ag, where #5S is the number of elements in S.

For B € F, define yp as an admissible geodesic from the center of B to p of length
< Ryp. This path may not be unique, but will be fixed throughout the argument.
Denote F(B) ={A e F: A N~p # 0}.
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Lemma 5. Let M be as in Theorem 1 and B belong to F.

B
(a) There are no elements of F(B) of radius less than fl)E)O])%R exp(—C(m)V KRy).
0

(b) For any r, #{A € F(B) : r < p(A) < 2r} < az, a constant depending on the
volume doubling constant C,(Ryp).
Proof. (a) Suppose that A € F(B) and n € A'Nyp then (103+2)p(A) > r(n,0M) >
98p(A). Let b € B(n,r) NOM, where r = r(n,0M). Also, we let 11 denote the cen-
ter of B and by € B(n,r(B,0B)) N OM. Since M is geodesically star-shaped, the
point b will lie in a “sector” bounded between the geodesic yp and the geodesic

joining p to b. Furthermore, since the Ricci curvature is bounded from below by
—_ T R()

— K, this implies that B(n;,s)NOM # 0 for s = = exp(C(m)VK Ry) and, hence,
p(A) > BB e (—C(m)V/ERy).

(b) An argument nearly identical to the one in part (a) shows that if A € F(B)
and r < p(A) < 2r, then A C B(n1,10%s). Next, since F is a disjoint family

E V(A) < V(B(m,10s)).
AeF(B)
r<p(A)<2r

On the other hand since p(A) > r, the volume doubling condition implies that
there is an a7 depending on RyvK such that V(B(n1,10%s)) < ayV(A). In all,
#{Ae F(B):r < p(A) < 2r} < o,

O

It follows immediately from this lemma and volume comparison theorem for
star-shaped domain in [CGT, Remark 4.1] that

Corollary 3. Let M be as in Theorem 1. There exits a constant ag depending on
Cy(Ro) such that

#F(B) < ag log (%).

Lemma 6. Let M be as in Theorem 1. There exists a constant ag depending on
Cy(Ro) and € > 0 such that for any A € F and any r > 0,

S V(B) <ag (%)va,

BeA(F)
r<p(B)<2r

where V(A) denotes the volume of the ball A and A(F) ={B e F:Aec F(B)}.
Also, we need the following lemma.

Lemma 7. Let M be as in Theorem 1. For any positive constants 1 and ly there
is I3 = I3(l1,l2) such that for every pair of balls By, Ba C M satisfying

LV (By) < V(By N By) < 1,V (By)

and a function f such that

([ 17 smii=)™ <o
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for 5 =1, 2, we have

m—2

2m

(/BUB |fB1—fBz|m’2> "< s0.

In the above inequalities, the constants fg, for j =1, 2, are defined by the formula

|f—fBj|2m/m_2 = inf/ |f — a|>™/m=2,
/Bj ac€R B;

Proof. There exists a constant I4 such that

m—2

2m
(/ |fBl_fBz|m72> "
B1NBs

m—2 m—2

< 2[40.

Hence, there exists a constant [5 such that

([, o 1m20)
§l5{(/B |f—J‘?Bl|"zi?f2)my—;2
([ 15 tm#=) ™ ([ - sml=) )

V(B2)
< 2150 + 2040l5 —————.
< 2050 + 204 5V(BlﬂBQ)

This completes the proof of the lemma. O

We shall apply the above results to prove the following weaker version of Sobolev
inequality.

Lemma 8. Let M be as in Theorem 1 and p € M. For any function f € Hy o(M),
there exist constants C12, C13 > 0 depending on m such that

m—1

(10) C.(Ro) /M V£ > min ( /M [ —alE) T

where Cy(Ro) = Cha R2V (By(Ro)) 7 exp(CisK R).

Proof. Let F be the Whitney family of Lemma 4. Let f € C*°(M). Choose By € F
such that p € Bj. Order the elements of F(B) = {A1, As,... , A} so that A; = B,
A; = By, and A} N A}, # 0 for all k. Note that Aj is contained in the ball with
the same center as Aj and half the radius. Lemma 3 implies that

m—2

(/A F=fagl®=) T < Os(zp(Ak»/A* V2.

Moreover, the volume doubling property implies that Ay and Aj41 have comparable
radii and volume and Aj; N A}’ contains a ball of comparable volume to these.
Thus Lemma 7 implies that there is a constant C14 such that

—2

([ i, 7)< cuciesan [ VIR

" ’ *
kUAkI+1 AkUAZ-#l
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Therefore, there exists constants Cy5, Cig > 0, such that

m—1

(/B/ |f—fBg|ﬁ—T1> o

m—2

< ([ 1r=pul?=) T v
-1 m—2
- (/ |f—fB~+Z<ng—ng+1>|£’1”‘2) V(B
< Cisl / \f — fou| e +Z|fA" — fay, | |22 )%V(BI)%
v<3>% :
< clﬁz;cs<2p<Ak>> o /A v
B ( >"‘“

Ak €F(B)

Summing over all B € F and using Lemma 4(a), we obtain

m—1

([ 18 smgl?=) "

m—1

< Z(/ = fagl)
BeF
< Y X #EmCe T [ v
BEF AeF(B) AT
S m+

oY ¥ e’ O [

A€F BeA(F)

1569

From Corollary 3 and Lemma 6 there exists a constant C7, C1g > 0 such that

S #FBVB)E = Y 3 #F(B)V(B)"

BeA(F) k=0 BeA(F)
277 p(A)< BB o=k +1 5 4)

> RO S m+1
< 017;:0: (k+log p(A))2 Ry (A) 5
RO m—+1

Because p(A) < there exists a constant Cig such that

10’

C(2p(A)) V(A) 1og(p](“2 ) < CuCu(Ro).

m+

1
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Combining the above estimates together, there exists a constant Cog such that

m—1

([ 1f=tml®) 7 < cu X cuCumo) [ VA7

AcF A

N

IN

Ca0Cs(Ro) /M IV fI?

by Lemma 4(c). This completes the proof of our lemma. O

Using the above Sobolev inequality along with Moser’s iteration scheme, we
obtain the following global version of Harnack inequality for the first Neumann
eigenfunction u; of the equation (2).

Corollary 4. Let M be as in Theorem 1 and uy be the first Neumann eigenfunction
of the equation (2) on M. Then, for any x,y € M, we have

uy(x) > Crp(M)ui(y),
where 1 > Cy (M) depends on m, Cs(Ro), m1, Cy, and w(q) R3 + 1.

For the sake of completeness, we shall include a proof here.

Proof. By modifying arguments in [L1], it suffices to prove the following two lem-
mas. O

Lemma 9. Let M, u be as in the theorem. For any k > 0, there exists a positive
constant

m 1 yeo  som—1yj
an = [(kW(q))%—I—Q%V(M)%} ( m )k 21:03( —) 7
a0 m—1
D
where a1g = e E;Lo)) for some constant D(m) depending only on m, such that

ulloo < ar2t ullk,

}.

k

where @12 = max{aqy, (a%l‘/(M))

Proof. For any constant ¢ > 1 and pu =

m
T the assumption of u implies that

w(q)/ u?* > —/ u?*Au.
M M

Integrating by parts and using the boundary condition, the right-hand side yields
— / u?*TAu = (2a—1) / u?*? |Vul?
M M
> a / u?*% |Vul?.
M
Using a similar argument as in [L2], the Sobolev inequality (10) implies that for all

D
f € Hy2(M), there exists constant D(m) and a9 = (m)
/ Cs (RO)

w ez [([ )T —van [ ]

such that
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This implies that

aQ/ uQa—2|vu|2:/ |Vua|2
M M )
> aig [(/ u2““)ﬁ —V(M)_%/ uz‘l]
M M

We get
(/ uza;t)E < (w(Q)a n V(M)_#> / w2
M Q10 M
which is equivalent to
w(q)a _1i)

(12) (S22 v ) Jullaa = [0

10
Let us choose a sequence of a; such that

k ki a ket
= —. Q1 = — ,--- P = —_,
ao 27 1 9 ) ) 2

Applying (12) to a = a; and iterating the inequality, we conclude that

K3 1
a;w(q _ 1\ Ta;
s < TT (Z242 4 vn=+)™ u.

o Q10
7=0
On the other hand, we have
hIIl H‘ u||2ai+1 = ”u”OO
11— 00

Therefore, letting i — oo, we conclude that

fulee < T (299 4 vany#) ul.
=0 20[10

The product can be estimated by using the fact that
oo
H B’ — pits
j=0

o0
and the fact that Z 4~ is finite. Hence we have

I (%529 s vian-4) ™
- ﬁ)[(%‘;(iuV(M)-%) Ik
= (22(1? + V() ) Ok B
()™ o von®] (7)1
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for a > 1, or equivalently, for k£ > 2. For those values k < 2, we begin with the case
k = 2. In that case , the inequality takes the form
lulle < oy VM) 2 ull2
< o lullf lulis®.
Iterating the inequality yields

(1—kyi ‘ k1(1-%)771
(13) Julloo - < Jull” " TT [ann llul ] .
j=1
Letting ¢ — oo, the term
luf 77" - 1,

and
e ﬁ(l_&)jfl
IT el = s
j=1

Hence, (13) implies that

1

Julloo < (2,V(MD) " 4wl
This proves our lemma. O

Lemma 10. Let M,u be as in the theorem. For k > 0 sufficiently small, there
exists constant a7 depending on m, k, V(M), m, Cs(Roy) and w(q) such that

1
< inf u = C}, inf u.
fullr < o2 ot infu ninfu

Proof. The function u ! satisfies that
Aut = —u2Au+ 203 Vul? > —w(g)u™t.
By applying Lemma 9 to u™!, we have

-1
(infu) =supu~ ! < appdf u .
M M

Clearly, the lemma follows if we can estimate the product

tu™ e - ull

from above for some value of k > 0. To achieve this, let us consider the function

v=[0+logu
where f = ——— / log u. The function v satisfies
V(M) Ja
Au  |Vul? 9
Av=—=——7— <w(q) — Vo[,
hence
(14) |Vu]? < w(g) — Av.

Integrating and using the boundary condition of u, we deduce that

(15) L@ww < wlg) V(M)
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However, the choice of § and Theorem 1 implies that

771/ UQS/ |Vol2.
M M

Hence, we have

V(M
M m
Applying the Schwarz inequality, we also have
w(g)\2
17 / v < — ) V(M).
(17) o< (5F) von

Multiplying |v]**~2to (14) for a > 2, and integrating by parts yields

[ b2 vebuta) [ e [ jope?
M M M

(18)
< w(g) /M 0272 4 (20— 2) /M o[22 [Vl

Using (15) and the inequality
1
(2a—2)/ a3 Vo2 < 1/ |v|2“_2|Vv|2+(8a—12)2“_3/ Vol2,
M M M
(18) becomes
/ |v|2“_2|Vv|2§2w(q)/ |v|2“_2+2(8a—12)2“_3/ Vo2
< 20(q) (/ 022 4 V(M) (8a — 12*%).
M

By setting a = 2 and combining with (16), we have

/ v? | Vo2 < a3
M

20(q)2 V(M
20@"VIM) ¢ )V (M). On the other hand,

m
|l = 1 [ WGsne
> 2 M(sgn(v)zﬂ—ﬁ /Msgn(v)v2)2
> 2L it g ([ smt)]
2l

Hence combining with (19), we have

(20) / lw* < au
M

for some constant a3 =
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Iw(q)* V(M) 4 32w(@ V(M)

77% m

for some constant a4 = . Using Schwarz inequality,

we also deduce that
3
(21) [ e <alivant
For general a > 2, note that
IV([o])? = a®[v]**=2 [Vol?.

Combining this with (19), we conclude that

[ e < 2@ [ P+ vonse - o).
M M
Using the inequality

|U|2a—2 < |U|2a 4 17

we have
/M V(|2 < wlq) (2@2 /M [v[2® + V (M)(8a — 12)2a—1)'

Hence, applying Sobolev inequality (11),

no [( [ @) =von [ ] < [ e

we conclude that

([
M

242 = = M)y %
< ( a”w(q) +V(M)_%)2 (/ |U|za>2 n (w(q)V( ))z (80)
Q10 Q10
Consider the sequence
ap =2, a1 =2, -+, a; = 2p’, -+ .

Applying the inequality to a;, we have

([ ey
M

(2“’_@) + V—%)Vl" (2u) 7 (/M |v|4“i)$ + (M)ﬁ (164)

10 @10

IN

Iterating this by running ¢ =0,--- ,[ gives

(w(q)a‘lfo(M))ﬁ (164

l 1
2w 1\ 17 i
HU||4ﬂz+1 < H (%@q) +V 7}1>4 (QM )2;“ ’UH4 +
1=0

o 5% (VOO 15 T (220 4 y2) 5 35
1=0

o
10 j=it1
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oo oo
Using the equality Zu‘i = %, and the fact that Ziu‘i is finite, we conclude

i=0 i=0
that
(22)
m—1i l
dw(@\% | m =1 moo\F T _
<o) v () ( )
I vllay+ _{ - 4927V — +|_U||4_|_;‘u

< s (f vlla + 4.

For each integer j > 4, let [ be such that 4! < j < 4u't!. Using the Holder
inequality and the estimate (22), we get

fpr = (fper) =
M N M

4 \J
ods( olla+3) -
Combining this with (16), (17), (20) and (21), we have

klv|  _ > v}’
e E - v
]{\4 =0 Y

( +Z4:k—J a V(M i)+§:[

Jj=5

IN

aqs(oa + 1)k3

IN

< 0164—2

However, using Stirling’s inequality j7 < j!e’/, we conclude that

s J
][ MUl < g + Z {0415 (a1a+1) ke
M

=5

Therefore, by choosing k < [0[15 (14 +1) e} , the infinite series converges and we

][ el <z
M

J
where a17 = a6 + E [aw (1a + 1) ke} . Let us now observe that
i=5

obtain the estimate

ekﬁ uk — ek'u < ek\v|

and
e—kﬁu—k _ e—kv < ek|v\

ok A ulle < (][Me’“‘”|)2.

imply that
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This implies that

inf > 1
infu _
M - OZ12H> ’LL_1||}.C
1
> Ul
ezt
1
> —5——5 Supu.
Q1o X7 M

|

To prove Theorem 5, we also need to obtain a Harnack inequality for the first
eigenfunction. We use the following gradient estimate of the first eigenfunction to
obtain a Harnack inequality.

Lemma 11. Let M be a compact manifold without boundary. Suppose that the
Ricci curvature of M is bounded below by —(m—1)K, for some nonnegative constant
K. Let uy be a first eigenfunction of the equation (3) on M. Then, for any x,y € M,
we have

|V IOg Ul (ZZ?) |2 S a1s,
for some constant a5 defined by

1
ars=m (K +2)+ \/2m |Vq|?2 + §w(q)2.
Proof. Let f =logu; and g = |V f|?. Then, we have
Af=(a—X) = VS
Since M is compact, there exists a point g € M such that g(zo) = Irg;}\i[(g(x)

Therefore, at xg,

Vg(xg) = 0,
and
Ag(zg) < 0.
Direct computations give us, at xg,
0 > L (AfY (VS Vo)~ KV
> (1971 - Swla)?) ~ 2V 2P - K|VIP.
m 2

which implies that

—~

z) < g(wo)

1
< m(K+2)+ \/Qm [Vq|?2 + §w(q)2.

9

It is easy to see that a Harnack inequality follows from the above gradient estimate.
O

Corollary 5. Let M be a compact manifold without boundary. Suppose that the
Ricci curvature of M is bounded below by —(m—1)K, for some nonnegative constant
K. Let uy be a first eigenfunction of the equation (3) on M. Then, for any x,y € M,
we have

up(z) > e~ Varsdy, (y).
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3. PROOFS

In this section, we shall utilize the Harnack inequalities from Section 2 and a
lower bound of the heat kernel in [CY] to prove our Theorems 1, 3 and 5.

Proof of Theorem 1. By the variational principle, it suffices to show that the exists
a constant C; > 0 such that

/M IVF]2 > R]fnig exp(—C1(1+ RoVK)) inf | (f —a)?
0

a€R Jar

for any smooth function f defined on M. Let H(z,y,t) be the Neumann heat kernel
defined on M. The function

Fla,t) = /M H(z,y.t) f(y)dy

solves the heat equation

(A — %)F(m, £) =0

on M with Neumann boundary condition

OF
o Y

on M and initial condition F'(x,0) = f(x ) Let us now consider the function

g(z,t) / H(z,y,t) () F(x7t)>2dy.

/ (z,t) dx—/ / H(z,y,t) )dydx—/MFz(x,t)dx
:/MfZ(y)dy—/MF (2, 1) dx
_/Ot%/MFQ(x,s)dx
_ _2/; /M Flx, s) AF(x, ) da
:2At/M|VF|2(x,s)dx

However, if we consider

8815/ |VF| (z,t)dr = 2/M<VF’ VE)(x,t)dx

= -2 /M<AF, Fy)(z,t)dx

= —2/ F2(x,t) de,
M

/ VFP (1) di < / IV FP () de
M M

Clearly,

we conclude that
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Hence, we have the estimate
(23) / g(z,t)de < Qt/ IV f%(x) da.
M M

2
On the other hand, since (f(y) — F(x, t)) > 0 the function g is also nonnegative.
By the definition of R and that B,(£) C M, we have

/Mg(%f) dx > /Bp(g)g(x,t) dx
= [ Hwn (56) - Fn) e
By(5) M
> [ it [ (1)~ Fn) dyas

2
> . .
;EFR/ (f(y) —a) dy/Bp(%)ylgf H(x,y,t)dx

Using (23) and (24), we conclude that

m > (2t)71 / inf H(xz,y,t)dx
By(§) vEM

for all ¢ > 0. Note that by Lemma 1, the Harnack inequality of Li-Yau, for any
z,2 € By(£) we have

t R? t
H(zx,y,t) ZH(Z,yag)CZ exp | —Cg T“LK“Lﬁ

for some constants Cy, C5 > 0 depending only on m. Hence

inf H(z,y,t)dx
/Bp<%> veM

R
> V(= inf H(z,y,t
= p(2)z€Bp(§),y€M ( y )

R? t t
>C —C5 | —+Kt+ — inf H —)d
= Uy eXP( 5< t + + R2)> ylgM Bp(%) (Z,y,2) Z,
and
Cy R? t t
25 > — —C5 | —+ Kt+ — inf H —)dz.
( ) m = n eXP( 5( n + + R2)> ylélM BP(%) (27y72) Z

To estimate the right hand side, we use an argument of Li-Yau [LY2] together with
the Cheeger-Yau [CY] comparison theorem. Let ¢(x) = ¢(r(z)) be a function of
the distance r to the center point p. We choose 0 < ¢ < 1 to have the properties
that

¢=1 on Bp(g—é),

6=0  onB,(5)\ By(5 —0),

and 96
/
¢ or — 0
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Clearly, the solution to the heat equation

O(z,t) = / H(z,z,t)¢(z)dz
M
satisfies

O(z,t) < / H(z,z,t)dz.
By(%)

Let B(K, %) and B(K, Ry) be the geodesic balls of radius £ and Ry with a fixed
center p on the simply connected model M of constant —K sectional curvature. If
H(z,7,t) denotes the Neumann heat kernel on B(K, Ry), and 7 denotes the distance
to the point p, then we can define the corresponding solution of the Neumann heat

equation by
bat)= [ @)
B(K,Ro)

By the uniqueness of the heat equation and the fact that ¢ is rotationally symmetric,
® must also be rotationally symmetric. Hence, we can write ®(y,t) = ®(7(y), ).
In particular, ®'(0,t) = %—?(O, t) = 0. Also, by the Neumann boundary condition,

@' (Ro,t) = %(RO, t) = 0. Using the same argument as in [LY2], we can show that

o’ (r,t) < 0forall 0 <7 < Ry and for all ¢ > 0. Hence the Cpeeger—YaP comparison
theorem implies that the transplanted function define by ®(y,t) = ®(r(y),t) is a
subsolution,

(A — %) O(y,t) >0

in the sense of distribution on M, with initial condition

(y,0) = #(y).

The difference ¥ = & — & is therefore a supersolution of the heat equation of
M x [0,00) which vanishes on M x {0}. We also claim that the normal derivative
aa—‘f with respect to the outward normal must be non-negative on 0M. Clearly, by
the boundary condition of @, it suffices to check that

0P

— <0.

ov —

Indeed, by the fact that ® is rotationally symmetric, for any y € OM, we have
0d - 0
— = — .
=B (y) () )
The assertion follows from the fact that ® < 0, and the fact that (%, v) > 0 on
OM because M is geodesically star-shaped with respect to p.
The parabolic maximum principle implies that ¥ must have its minimum oc-
curred on (M x {0}) U (OM x [0,00)). If the minimum of ¥ occurred on OM x

(0, 00), then the Hopf boundary lemma implies that %—‘IV’ < 0 violating the Neumann
boundary condition. Hence, the minimum of ¥ must be achieved on M x {0}, which
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has value 0. This implies that ® > ®. In particular, for y € M,

t t
/ H(zy Lydz> 9y, L)
By(L) 2 2

26) > B(r(y) 5
3(Ro, %).

)

Y

Applying Lemma 2, the Harnack inequality from [LY?2], on the function ®, we have
(27) B(Ro, ) = Co ®(0, ) exp | ~Cr(=2 + K1)

for some constants Cs, C7 > 0 depending only on m. Since P’ <0, we conclude
that ®(0,%) > ®(, £) for all 0 < 7 < R. This together with the fact that ® satisfies

the heat equation
9\ =
A——|®(F,t)=0
( at> (r7 )

implies that %—%(O, t) <0 for all ¢ > 0. In particular,

> lim (0,1)

[ s,

B(K,Ry) V (¥, Ro)

where V(K, Ry) is the volume of B(K, Ry). Taking the limit 6 — 0, we conclude
that

<ot V(K G)
(0, -) > —~2)
( 4) - V(K, Ro)
Combining with (25), (26) and (27), we have
R> t R? V(K,Z)
> Co (1)1 —Coo(— + —= + =2+ Kt) | ——2~
m > Con (07 oxp (~Cn( i+ 720 4 KD ) g
for some constants Co1, Caa > 0. Setting
P
1+ RyWK
and using the estimates
t_l Z R62
and
RIK
— 0 <1+ RyWK,
1+ Ro\/? 0
we conclude that
V(K, L&)
> Ry? —Co3(1 4+ RyVK)) 22
m > Ry? exp(—Cas(1 + RoVK)) VK. I

for some constant Co3 > 0 depending only on m. The theorem now follows by
observing that there exists constants Coy > 0 and Cy5 > 0 depending only on m
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such that
7™ exp (024(1 + f\/?)) < V(E,F)
(28) < 7 exp (Cos(1+7VE)) .
This completes the proof of Theorem 1. O

It is proved in [G] that if a manifold satisfies volume doubling property and it
has a positive Neumann eigenvalue, then one can use a covering argument to give a
lower estimate of the first Dirichlet eigenvalues for the proper sub domains in terms
of the volume doubling constant and the first Neumann eigenvalue. Now, we can
apply a result in [G] to prove our Theorem 2.

Proof of Theorem 2. We note that the volume doubling property implied by (28)
asserts that for any B,(2r) C B,(R), we have
V(Bz(2r)) < V(K,2r)
(29) V(B(r)) = V(K,r)
S CU (R)a

for some positive constant C, (R) depending on m, RVK. Also, Theorem 1 implies
that, for any B,(r) C Bp(R),

/ VP > — exp(-Ci(1+ RVE)) inf/ (f - a)2.

B.(r) R €% ) B, (r)

Therefore, we can apply Theorem 1.4 of [G] to obtain a lower bound for the first
Dirichlet eigenvalue.

Next, we shall modify the proof of Theorem 1 and use the Harnack inequality
Corollary 4 from Section 2 to give a proof of Theorem 3. Let uy, us be the first two
eigenfunctions with eigenvalues A1, A2 respectively for the problem (2). By setting
F'=X -, w= Z—f and h = loguy, we get that

Aw+ 2(Vh,Vw) = -Tw in M,
ow
W = 0 on OM.

We consider a new metric ds? defined by

4
ds? = ui"? ds®
2m
with the volume element dv; = u{"~* dv. In terms of this metric, the equation is
equivalent to

4
u P Aw = —Tw in M,
ow
— =0 on OM,
v
where A; denotes the Laplacian operator with respect to the metric ds?. O

Proof of Theorem 3. To prove the theorem, by the variational principle, it suffices
to prove there exists a constant as > 0 such that

m 4

R e -
/M |V1f|2ZW€ zifelﬂg M(f_a)2ul %,
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where we are integrating with respect to the new metric ds?. If W (z,y,t) be the
Neumann fundamental solution of the problem

(u{”—’zAl—%)u(x,t) =0 in M,
% =0 on OM.

The function
Flz,t) = /M W) () uy ™ () dos ()

solves the equation
0
ot

in M with the initial condition F(z,0) = f(x). Let us now consider the function

Wi Ay — LY F(a,t) = 0

sat) = [ W) (1)~ F@.0) w ™ @) du (o).

and follow a similar calculations as in the proof of Theorem 1, we obtain that
B t
/ gz, t) w7 () dos () = 2/ / V1 Pz, )[2 dus () ds.

M 0 M

and
/ |V F(x,t)] dvy (z / [V1f(2)]? dvi(z).

Therefore, we have

[ oatn ™ @dn@ < 2 [ 907 P (@),

M M

On the other hand, we see that

/ o, ) uy ™ (x) dvs ()
M

x / (f(y) = F, 1) uy ™ () dos () dos (2)
M
>inf [ (f(y)—a)®u; " (y) doi(y)

/ inf W(z,y,t)u %(x) dvy (z).
B

»(5) VEM

In the second integral, we can write it in terms of the metric ds?, and use the
Corollary 4 in Section 2 to get a lower estimate on

up(x)

venp(d) ur(y)
yeM
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Thus, we have

> C’he’\lt/ inf G(z,y,t)dv(x)
By(§) vEM

> C eti“fq/ inf G(x,y,t)dv(x),

2 Gt [ Gl t)dvte)

where G(z,y,t) is the Neumann fundamental solution of the equation

0
(A —q- E)u(x,t) =0.
Note that the G(z,y,t) is bounded from below by the Neumann fundamental solu-

tion et 4 H (z,y,t) of the equation

0
(A —supq — E) u(z,t) =0
on M x (0,T), where H(z,y,t) is the Neumann heat kernel on M. We obtain that

__4
/ gz, t)u; "2 (x) dvy (z) > C, et @@ / inf H(x,y,t)dv(z).
M Bp(£) yeM
The proof of Theorem 1 implies that there exist positive constants Cys and Coar

depending only on m such that
2

L Ca VI B) Chexp (= Cor(B2 + B+ (w(q) + K + 7))
>
/M Vsl = 20V (K, Ro)

- inf /M (f—a)Qul_ﬁ.

a€R
This implies that

Car V(K. £) Ch exp (= Cos (B + B8 4 (wlq) + K + #)1))

b= 24V (K, Ry)
We complete the proof by setting
_ R
1+ RoVK +w(q)’
and using the fact that Cj, depends on m, RovVK and w(q)R? + 1. O

Following the same argument as in the proof of Theorem 2, we shall justify the
volume doubling property and the existence of Poincaré inequality with respect to
the conformal metric defined in the proof of Theorem 3.

Proof of Theorem 4. Since u; satisfies the Harnack inequality and its L2-norm is
1, we have upper and lower bound for u; as follows

C—l
L <y (x) < —~h
V(By(R)) V(By(R))
Therefore, with respect to the metric ds?, for any B, (2r) C B,(R),
V(B (2r))

V(B.(r) ~
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for some constant a1, depends on m, RvVK and w(q)R?+1. Also, by using Theorem
3, we have

« .
[ e G eatannt [ (o
B, (r

a€R Jp (r)

VV(Bp(R)

where a2 = (C—h) . Then, we can apply the argument as in the proof
of Theorem 1.4 in [G] to get our bound. O

Proof of Theorem 5. 1t is obvious that if we follow the proof of Theorem 3 and use
the Harnack inequality, Corollary 5 from Section 2, then we can obtain our lower

bound for the gap. O
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